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state have been exchanged and this leads to the exchange of
the final (or initial) orbital labels j, m and j0, m0. Because
this process reflects a cancellation of the lowering of the
SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated in
Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)–3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)–3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).
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(d)  Schematic picture of two-
       valence-neutron interaction
       induced from 3N force

FIG. 4 (color online). Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16–
24 O. Energies obtained from (a) phenomenological forces SDPF-M [13] and USD-B [14], (b) a Gmatrix and including FM 3N forces
due to ! excitations, and (c) from low-momentum interactions Vlow k and including chiral EFT 3N interactions at N2LO as well as only
due to ! excitations [25]. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. (d) Schematic
illustration of a two-valence-neutron interaction generated by 3N forces with a nucleon in the 16O core.
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Evidence for a new nuclear ‘magic number’ from the
level structure of 54Ca
D. Steppenbeck1, S. Takeuchi2, N. Aoi3, P. Doornenbal2, M. Matsushita1, H. Wang2, H. Baba2, N. Fukuda2, S. Go1, M. Honma4,
J. Lee2, K. Matsui5, S. Michimasa1, T. Motobayashi2, D. Nishimura6, T. Otsuka1,5, H. Sakurai2,5, Y. Shiga7, P.-A. Söderström2,
T. Sumikama8, H. Suzuki2, R. Taniuchi5, Y. Utsuno9, J. J. Valiente-Dobón10 & K. Yoneda2

Atomic nuclei are finite quantum systems composed of two distinct
types of fermion—protons and neutrons. In a manner similar to
that of electrons orbiting in an atom, protons and neutrons in a
nucleus form shell structures. In the case of stable, naturally occur-
ring nuclei, large energy gaps exist between shells that fill completely
when the proton or neutron number is equal to 2, 8, 20, 28, 50, 82 or
126 (ref. 1). Away from stability, however, these so-called ‘magic
numbers’ are known to evolve in systems with a large imbalance of
protons and neutrons. Although some of the standard shell closures
can disappear, new ones are known to appear2,3. Studies aiming to
identify and understand such behaviour are of major importance in
the field of experimental and theoretical nuclear physics. Here we
report a spectroscopic study of the neutron-rich nucleus 54Ca (a
bound system composed of 20 protons and 34 neutrons) using
proton knockout reactions involving fast radioactive projectiles.
The results highlight the doubly magic nature of 54Ca and provide
direct experimental evidence for the onset of a sizable subshell clos-
ure at neutron number 34 in isotopes far from stability.

The shell structure of the atomic nucleus was first successfully
described more than 60 years ago1. However, the question of how
robust the standard magic numbers are in unstable nuclei with a large
excess of neutrons—often referred to as ‘exotic’ nuclei—has been one
of the main driving forces behind recent nuclear structure studies that
focus on changes in the shell structure, called ‘shell evolution’. A note-
worthy example is the disappearance of the N 5 28 (neutron number
28) standard magic number in 42Si (ref. 4), a nucleus that lies far from
the stable isotopes on the Segrè chart. On the contrary, exotic oxygen
isotopes3 provide evidence for the onset of a new shell closure at
N 5 16, one that is not observed in stable nuclei. In both cases, the
tensor force, a non-central component of the nuclear force, has a key
role in describing the experimental spectra5.

The region of the Segrè chart around exotic calcium isotopes has also
contributed valuable input to the understanding of nuclear shell evolu-
tion over recent years owing to experimental advances. Enhanced
excitation energies of first JP 5 21 states (spin, J; parity, P) and reduced
c-ray transition probabilities, which are good indicators of nuclear shell
gaps, for 52Ca (refs 6, 7), 54Ti (refs 8, 9) and 56Cr (refs 10, 11) provide
substantial evidence for the onset of a sizable energy gap at N 5 32. This
result was recently confirmed by high-precision mass measurements on
neutron-rich Ca isotopes12. In the framework of tensor-force-driven
shell evolution5, the N 5 32 subshell closure is a direct consequence of
the weakening of the attractive nucleon–nucleon interaction between
protons (p) and neutrons (n) in the pf7/2 and nf5/2 single-particle orbitals
(SPOs) as the number of protons in the pf7/2 SPO is reduced and the
magnitude of the pf7/2–nf5/2 energy gap increases (Fig. 1a–c).

A question that has been asked frequently over recent years is
whether or not the onset of another subshell gap occurs in exotic

N 5 34 isotones, which was suggested qualitatively more than a decade
ago13 on the basis of the general properties of nuclear forces. The onset
of an appreciable subshell closure at N 5 34 is illustrated in Fig. 1d,
indicating an energy gap between the np1/2 and nf5/2 SPOs in 54Ca that
is comparable to the separation of the np3/2 and np1/2 spin–orbit part-
ners, which is also implied by recent theoretical results; see, for
example, ref. 14. We stress, however, that no N 5 34 subshell closure
was reported in the experimental investigations of 56Ti (refs 9, 15) or
58Cr (refs 11, 16), and notable doubt on this magic number for Ca
isotopes has been raised17,18. Indeed, as indicated in Fig. 2a, theoretical
predictions of the energy of the first JP 5 21 state for 54Ca vary con-
siderably, ranging from ,1 MeV in some cases to as high as ,4 MeV
in others14–16,19–24, despite exhibiting close agreement for lighter iso-
topes; for example, the predictions of the same theories lie within only
0.4 MeV of the empirical result for 52Ca. Such stark discrepancies at
N 5 34 reflect the need for direct experimental input on the matter.

To address this issue, we report on an experimental study of 54Ca to
clarify the strength of the N 5 34 subshell gap in nuclei farther from
stability. The energies of nuclear excited states were investigated using
proton knockout reactions involving 55Sc and 56Ti projectiles on a Be
target at the Radioactive Isotope Beam Factory, Japan, operated by the
RIKEN Nishina Center and the Center for Nuclear Study, University
of Tokyo. Experimental details are provided in Methods Summary.
Particle identification plots indicating the radioactive species trans-
ported through the BigRIPS separator and ZeroDegree spectrometer25,
which were used to select and tag radioactive beam projectiles and
reaction products, are presented in Fig. 3a and Fig. 3b, respectively.
We emphasize that the intensity of the radioactive beam reported here,
which was critical to the success of the experiment, is unique to the
Radioactive Isotope Beam Factory. Excited-state energies were deduced
using the technique of in-beam c-ray spectroscopy.

The c-rays measured in coincidence with 54Ca projectiles produced
through the one- and two-proton knockout reaction channels are
presented in Fig. 4a. The c-ray energies measured in the laboratory
frame of reference have been corrected for Doppler shifts, and so the
transitions appear at the energies they would in the rest frame of the
nucleus. The most intense c-ray line in the 54Ca spectrum, the peak at
2,043(19) keV (error, 1 s.d.) in Fig. 4a, is assigned as the transition from
the first 21 state (2z

1 ) to the 01 ground state. In addition, two weaker
transitions are located at 1,656(20) and, respectively, 1,184(24) keV.
Figure 4b shows a c-ray spectrum obtained with the condition of a
prompt coincidence (#10 ns) with the 2,043-keV c-ray, indicating
that the weaker transitions were emitted in decay sequences involving
the 2z

1 R 01 ground-state transition. On the basis of the c-ray relative
intensities, the 1,656-keV transition is proposed to depopulate a level
at 3,699(28) keV, as presented in the 54Ca level scheme in the lower-
right section of Fig. 4a. Placement of the 1,184-keV transition in the

1Center for Nuclear Study, University of Tokyo, Hongo, Bunkyo, Tokyo 113-0033, Japan. 2RIKEN Nishina Center, 2-1, Hirosawa, Wako, Saitama 351-0198, Japan. 3Research Center for Nuclear Physics,
University of Osaka, Ibaraki, Osaka 567-0047, Japan. 4Center for Mathematical Sciences, Aizu University, Aizu-Wakamatsu, Fukushima 965-8580, Japan. 5Department of Physics, University of Tokyo,
Hongo, Bunkyo, Tokyo 113-0033, Japan. 6Department of Physics, Tokyo University of Science, Noda, Chiba 278-8510, Japan. 7Department of Physics, Rikkyo University, Toshima, Tokyo 171-8501, Japan.
8Department of Physics, Tohoku University, Sendai, Miyagi 980-8578, Japan. 9Japan Atomic Energy Agency, Tokai, Ibaraki 319-1195, Japan. 10Istituto Nazionale di Fisica Nucleare, Laboratori Nazionali di
Legnaro, Legnaro 35020, Italy.
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Masses of exotic calcium isotopes pin down
nuclear forces
F. Wienholtz1, D. Beck2, K. Blaum3, Ch. Borgmann3, M. Breitenfeldt4, R. B. Cakirli3,5, S. George1, F. Herfurth2, J. D. Holt6,7,
M. Kowalska8, S. Kreim3,8, D. Lunney9, V. Manea9, J. Menéndez6,7, D. Neidherr2, M. Rosenbusch1, L. Schweikhard1,
A. Schwenk7,6, J. Simonis6,7, J. Stanja10, R. N. Wolf1 & K. Zuber10

The properties of exotic nuclei on the verge of existence play a
fundamental part in our understanding of nuclear interactions1.
Exceedingly neutron-rich nuclei become sensitive to new aspects of
nuclear forces2. Calcium, with its doubly magic isotopes 40Ca and
48Ca, is an ideal test for nuclear shell evolution, from the valley of
stability to the limits of existence. With a closed proton shell, the
calcium isotopes mark the frontier for calculations with three-
nucleon forces from chiral effective field theory3–6. Whereas pre-
dictions for the masses of 51Ca and 52Ca have been validated by
direct measurements4, it is an open question as to how nuclear
masses evolve for heavier calcium isotopes. Here we report the mass
determination of the exotic calcium isotopes 53Ca and 54Ca, using
the multi-reflection time-of-flight mass spectrometer7 of ISOLTRAP
at CERN. The measured masses unambiguously establish a promi-
nent shell closure at neutron number N 5 32, in excellent agree-
ment with our theoretical calculations. These results increase our
understanding of neutron-rich matter and pin down the subtle
components of nuclear forces that are at the forefront of theoretical
developments constrained by quantum chromodynamics8.

Exotic nuclei with extreme neutron-to-proton asymmetries exhibit
shell structures generated by unexpected orderings of shell occupa-
tions. Their description poses enormous challenges, because most
theoretical models have been developed for nuclei at the valley of
stability. It is thus an open question how well they can predict new
magic numbers emerging far from stability9–11. This is closely linked to
our understanding of the different components of the strong force
between neutrons and protons, such as the spin–orbit or tensor inter-
actions, which modify the gaps between single-particle orbits12, and of
three-body forces, which are pivotal in calculations of extreme neut-
ron-rich systems based on nuclear forces2,13,14. The resulting magic
numbers, as well as the strength of the corresponding shell closures,
are critical for global predictions of the nuclear landscape15, and thus
for the successful modelling of matter in astrophysical environments.

Three-body forces arise naturally in chiral effective field theory8,
which provides a systematic basis for nuclear forces connected via
its symmetries to the underlying theory of quarks and gluons, namely
quantum chromodynamics. Owing to the consistent description in

effective field theory, there are only two undetermined low-energy
couplings in chiral three-nucleon forces at leading and sub-leading
orders. These are constrained by the properties of light nuclei 3H
and 4He only, so that all heavier elements are predictions in chiral
effective field theory. The present frontier of three-nucleon forces is
located in the calcium isotopes, where the structural evolution is domi-
nated by valence neutrons due to the closed proton shell at atomic
number Z 5 20 (refs 3, 5). These predictions withstood a recent chal-
lenge from direct Penning-trap mass measurements of 51Ca and 52Ca
at TITAN/TRIUMF4, which have established a substantial change
from the previous mass evaluation and leave completely open how
nuclear masses evolve past 52Ca. This region is also very exciting
because of evidence of a new magic neutron number N 5 32 from
nuclear spectroscopy16–18, with a high 21 excitation energy in 52Ca
(refs 19, 20). These results are accompanied by successful theoretical
studies based on phenomenological shell-model interactions21,22,
which are similar for the excitation spectra at N 5 32 but disagree
markedly in their predictions for 54Ca and further away from stability.

Here we present the first mass measurements of the exotic calcium
isotopes 53Ca and 54Ca. These provide key masses for all theoretical
models, and unambiguously establish a strong shell closure, in excel-
lent agreement with the predictions including three-nucleon forces.

The mass of a nucleus provides direct access to the binding energy,
the net result of all interactions between nucleons. Penning traps have
proven to be the method of choice when it comes to high-precision
mass determination of exotic nuclei23,24. The mass m of an ion of
interest with charge q stored in a magnetic field B is determined by
comparing its cyclotron frequency nC 5 qB/(2pm) to that of a well-
known reference ion, nC,Ref. The frequency ratio rICR 5 nC,Ref/nC (ICR,
ion cyclotron resonance) then yields the mass ratio directly and thus
the atomic mass of the isotope.

We have made a critical step towards determining the pivotal calcium
masses by introducing a new method of precision mass spectrometry for
short-lived isotopes. The developments and measurements were per-
formed with ISOLTRAP25, a high-resolution Penning-trap mass
spectrometer at the ISOLDE/CERN facility. This method was used to
confirm and even improve the accuracy of the recent mass measurements

1Ernst-Moritz-Arndt-Universität Greifswald, Institut für Physik, Felix-Hausdorff-Strasse 6, D-17489 Greifswald, Germany. 2GSI Helmholtzzentrum für Schwerionenforschung GmbH, Planckstrasse 1,
D-64291 Darmstadt, Germany. 3Max-Planck-Institut für Kernphysik, Saupfercheckweg 1, D-69117 Heidelberg, Germany. 4Instituut voor Kern- en Stralingsfysica, Katholieke Universiteit, Celestijnenlaan
200d – bus 2418, B-3001 Heverlee, Belgium. 5University of Istanbul, Department of Physics, 34134 Istanbul, Turkey. 6Institut für Kernphysik, Technische Universität Darmstadt, D-64289 Darmstadt,
Germany. 7ExtreMe Matter Institute EMMI, GSI Helmholtzzentrum für Schwerionenforschung GmbH, D-64291 Darmstadt, Germany. 8CERN, Geneva 23, CH-1211 Geneva, Switzerland. 9CSNSM-IN2P3-
CNRS, Université Paris-Sud, 91405 Orsay, France. 10Institut für Kern- und Teilchenphysik, Technische Universität Dresden, Zellescher Weg 19, D-01069 Dresden, Germany.

Reference ion source

ISOLDE ion beam

RFQ cooler and buncher MR-TOF mass spectrometer TOF detector

Towards
Penning traps

Figure 1 | Experimental set-up.
Main components relevant for the
53,54Ca study: incoming ISOLDE ion
beam, reference ion source, radio-
frequency quadrupole (RFQ)
buncher, multi-reflection time-of-
flight (MR-TOF) mass spectrometer
and (removable) time-of-flight ion
detector.
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Approaches to Nuclear Structure 
“The first, the basic approach, is to study the elementary particles, their 
properties and mutual interaction.  Thus one hopes to obtain knowledge of 
the nuclear forces.  If the forces are known, one should,  in principle, be 
able to calculate deductively the properties of individual nuclei.  Only after 
this has been accomplished can one say that one completely understands 
nuclear structure… 
 

The other approach is that of the experimentalist and consists in obtaining 
by direct experimentation as many data as possible for individual nuclei. 
One hopes in this way to find regularities and correlations which give a 
clue to the structure of the nucleus...  The shell model, although proposed 
by theoreticians, really corresponds to the experimentalist’s approach.”  
 

–M. Goeppert-Mayer, Nobel Lecture 
 
Ab initio approach vs. phenomenological 

 

Theories of medium-mass nuclei largely empirical 
 
 
 

Purpose of lectures is to show how shell model can be based on the first approach! 
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Fig. 7. (a) Nuclear many-body landscape and (b) degrees of freedom and corresponding scales in nuclei [48].

or for octupole enhancement factors of electric dipolemoments. In all cases, we seek theoretical error estimates, particularly
for extrapolations to systems where measurements will be limited or non-existent.

Progress toward such controlled nuclear calculations has long been hindered by the difficulty of the nuclear many-body
problem, when conventional nuclear potentials are used. This has historically been accepted as an unavoidable reality.
Indeed, conventional wisdom among nuclear physicists, as summarized by Bethe in his review of over 30 years ago [49],
holds that successful nuclear matter calculations must be highly non-perturbative in the potential. This is in contrast to
the Coulomb many-body problem, for which Hartree–Fock is a useful starting point and (possibly resummed) many-body
perturbation theory (MBPT) is an effective tool. The possibility of a soft potential providing a more perturbative solution to
the nuclear matter problemwas discarded at that time, and saturation firmly identified with the density dependence due to
the tensor force [49]. Until recent RG-based calculations [9,16,17], subsequent work on the nuclear matter problem [50–53]
had not significantly altered the general perspective or conclusions of Bethe’s review (although the role of three-nucleon
(3N) forces has been increasingly emphasized).

As already noted, non-perturbative behavior in the particle–particle channel for nuclear forces arises from several
sources. First is the strong short-range repulsion, which requires at least a summation of particle–particle-ladder
diagrams [49]. Second is the tensor force, for example, from pion exchanges, which is highly singular at short distances,
and requires iteration in the triplet channels [54,55]. Third is the presence of low-energy bound states or nearly bound
states in the S-waves. These states imply poles in the scattering T matrix that render the perturbative Born series divergent.
All these non-perturbative features are present in conventional high-precision NN potentials.

The philosophy behind the standard approach to nuclear matter is to attack these features head-on. This attitude was
succinctly stated by Bethe [49]:

‘‘The theory must be such that it can deal with any NN force, including hard or ‘soft’ core, tensor forces, and other
complications. It ought not to be necessary to tailor the NN force for the sake of making the computation of nuclear
matter (or finite nuclei) easier, but the force should be chosen on the basis of NN experiments (and possibly subsidiary
experimental evidence, like the binding energy of 3H).’’

In contrast, the EFT and RG perspective has a completely different underlying philosophy, which stresses that the potential
is not an observable to be fixed from experiment (there is no ‘‘true potential’’), but that an infinite number of potentials are
capable of accurately describing low-energy physics [56]. In order to be predictive and systematic, an organization (‘‘power
counting’’) must be present to permit a truncation of possible terms in the potential. If a complete Hamiltonian is used
(includingmany-body forces), then all observables should be equivalent up to truncation errors. The EFT philosophy implies
using this freedom to choose a convenient and efficient potential for the problems of interest.

The use of energy-independent low-momentum interactions is a direct implementation of these ideas. Varying the
cutoff can be used as a powerful tool to study the underlying physics scales, to evaluate the completeness of approximate

To understand the properties of complex nuclei from first principles 
The Challenge of Ab Initio Nuclear Theory 

Two significant issues: 
 

Interaction 
Not well understood 
Not obtainable from QCD  
Too “hard” to be useful 
Multiple energy scales 
 
Many-body Problem 
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or for octupole enhancement factors of electric dipolemoments. In all cases, we seek theoretical error estimates, particularly
for extrapolations to systems where measurements will be limited or non-existent.

Progress toward such controlled nuclear calculations has long been hindered by the difficulty of the nuclear many-body
problem, when conventional nuclear potentials are used. This has historically been accepted as an unavoidable reality.
Indeed, conventional wisdom among nuclear physicists, as summarized by Bethe in his review of over 30 years ago [49],
holds that successful nuclear matter calculations must be highly non-perturbative in the potential. This is in contrast to
the Coulomb many-body problem, for which Hartree–Fock is a useful starting point and (possibly resummed) many-body
perturbation theory (MBPT) is an effective tool. The possibility of a soft potential providing a more perturbative solution to
the nuclear matter problemwas discarded at that time, and saturation firmly identified with the density dependence due to
the tensor force [49]. Until recent RG-based calculations [9,16,17], subsequent work on the nuclear matter problem [50–53]
had not significantly altered the general perspective or conclusions of Bethe’s review (although the role of three-nucleon
(3N) forces has been increasingly emphasized).

As already noted, non-perturbative behavior in the particle–particle channel for nuclear forces arises from several
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diagrams [49]. Second is the tensor force, for example, from pion exchanges, which is highly singular at short distances,
and requires iteration in the triplet channels [54,55]. Third is the presence of low-energy bound states or nearly bound
states in the S-waves. These states imply poles in the scattering T matrix that render the perturbative Born series divergent.
All these non-perturbative features are present in conventional high-precision NN potentials.

The philosophy behind the standard approach to nuclear matter is to attack these features head-on. This attitude was
succinctly stated by Bethe [49]:

‘‘The theory must be such that it can deal with any NN force, including hard or ‘soft’ core, tensor forces, and other
complications. It ought not to be necessary to tailor the NN force for the sake of making the computation of nuclear
matter (or finite nuclei) easier, but the force should be chosen on the basis of NN experiments (and possibly subsidiary
experimental evidence, like the binding energy of 3H).’’

In contrast, the EFT and RG perspective has a completely different underlying philosophy, which stresses that the potential
is not an observable to be fixed from experiment (there is no ‘‘true potential’’), but that an infinite number of potentials are
capable of accurately describing low-energy physics [56]. In order to be predictive and systematic, an organization (‘‘power
counting’’) must be present to permit a truncation of possible terms in the potential. If a complete Hamiltonian is used
(includingmany-body forces), then all observables should be equivalent up to truncation errors. The EFT philosophy implies
using this freedom to choose a convenient and efficient potential for the problems of interest.

The use of energy-independent low-momentum interactions is a direct implementation of these ideas. Varying the
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In contrast, the EFT and RG perspective has a completely different underlying philosophy, which stresses that the potential
is not an observable to be fixed from experiment (there is no ‘‘true potential’’), but that an infinite number of potentials are
capable of accurately describing low-energy physics [56]. In order to be predictive and systematic, an organization (‘‘power
counting’’) must be present to permit a truncation of possible terms in the potential. If a complete Hamiltonian is used
(includingmany-body forces), then all observables should be equivalent up to truncation errors. The EFT philosophy implies
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Fig. 9. Schematic illustration of two types of RG evolution for NN potentials in momentum space: (a) Vlow k running in ⇤ and (b) SRG running in �. At each
⇤i or �i , the matrix elements outside of the corresponding lines are zero, so that high- and low-momentum states are decoupled.

Fig. 10. Two types of RG evolution applied to one of the chiral N3LO NN potentials (550/600 MeV) of Ref. [44] in the 3S1 channel: (a) Vlow k running in ⇤
and (b) SRG running in � (see Fig. 27 for plots in k2, which show the diagonal width of order �2).

‘‘At each scale, we have different degrees of freedom and different dynamics. Physics at a larger scale (largely)
decouples from the physics at a smaller scale. . . . Thus, a theory at a larger scale remembers only finitely many
parameters from the theories at smaller scales, and throws the rest of the details away. More precisely, when we
pass from a smaller scale to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the RG
method is to explain how this decoupling takes place and why exactly information is transmitted from scale to scale
through finitely many parameters.’’

The common features of RG for critical phenomena and high-energy scattering are discussed by StevenWeinberg in an essay
in Ref. [64]. He summarizes:

‘‘Themethod in itsmost general form can I think be understood as away to arrange in various theories that the degrees
of freedom that you’re talking about are the relevant degrees of freedom for the problem at hand.’’

This is the heart ofwhat is donewith low-momentum interaction approaches: arrange for the degrees of freedom for nuclear
structure to be the relevant ones. This does not mean that other degrees of freedom cannot be used, but to again quote
Weinberg [64]: ‘‘You can use any degrees of freedom you want, but if you use the wrong ones, you’ll be sorry.’’

There are two major classes of RG transformations used to construct low-momentum interactions, which are illustrated
schematically in Fig. 9. In the Vlow k approach, decoupling is achieved by lowering amomentum cutoff⇤ abovewhichmatrix
elements go to zero. In the SRG approach, decoupling is achieved by lowering a cutoff � (in energy differences �2) using flow
equations, whichmeans evolving toward the diagonal inmomentum space. The technology for carrying out these is outlined
in Section 3, but the effects can be readily seen in the series of contour plots in Fig. 10(a) and (b).

With either approach, lowering the cutoff leaves low-energy observables unchanged by construction, but shifts
contributions between the interaction strengths and the sums over intermediate states in loop integrals. The evolution
of phenomenological or chiral EFT interactions to lower resolution is beneficial, because these shifts can weaken or largely
eliminate sources of non-perturbative behavior, and because lower cutoffs require smaller bases inmany-body calculations,
leading to improved convergence for nuclei. The RG cutoff variation estimates theoretical uncertainties due to higher-
order contributions, to neglected many-body interactions or to an incomplete many-body treatment. When initialized with
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or for octupole enhancement factors of electric dipolemoments. In all cases, we seek theoretical error estimates, particularly
for extrapolations to systems where measurements will be limited or non-existent.

Progress toward such controlled nuclear calculations has long been hindered by the difficulty of the nuclear many-body
problem, when conventional nuclear potentials are used. This has historically been accepted as an unavoidable reality.
Indeed, conventional wisdom among nuclear physicists, as summarized by Bethe in his review of over 30 years ago [49],
holds that successful nuclear matter calculations must be highly non-perturbative in the potential. This is in contrast to
the Coulomb many-body problem, for which Hartree–Fock is a useful starting point and (possibly resummed) many-body
perturbation theory (MBPT) is an effective tool. The possibility of a soft potential providing a more perturbative solution to
the nuclear matter problemwas discarded at that time, and saturation firmly identified with the density dependence due to
the tensor force [49]. Until recent RG-based calculations [9,16,17], subsequent work on the nuclear matter problem [50–53]
had not significantly altered the general perspective or conclusions of Bethe’s review (although the role of three-nucleon
(3N) forces has been increasingly emphasized).

As already noted, non-perturbative behavior in the particle–particle channel for nuclear forces arises from several
sources. First is the strong short-range repulsion, which requires at least a summation of particle–particle-ladder
diagrams [49]. Second is the tensor force, for example, from pion exchanges, which is highly singular at short distances,
and requires iteration in the triplet channels [54,55]. Third is the presence of low-energy bound states or nearly bound
states in the S-waves. These states imply poles in the scattering T matrix that render the perturbative Born series divergent.
All these non-perturbative features are present in conventional high-precision NN potentials.

The philosophy behind the standard approach to nuclear matter is to attack these features head-on. This attitude was
succinctly stated by Bethe [49]:

‘‘The theory must be such that it can deal with any NN force, including hard or ‘soft’ core, tensor forces, and other
complications. It ought not to be necessary to tailor the NN force for the sake of making the computation of nuclear
matter (or finite nuclei) easier, but the force should be chosen on the basis of NN experiments (and possibly subsidiary
experimental evidence, like the binding energy of 3H).’’

In contrast, the EFT and RG perspective has a completely different underlying philosophy, which stresses that the potential
is not an observable to be fixed from experiment (there is no ‘‘true potential’’), but that an infinite number of potentials are
capable of accurately describing low-energy physics [56]. In order to be predictive and systematic, an organization (‘‘power
counting’’) must be present to permit a truncation of possible terms in the potential. If a complete Hamiltonian is used
(includingmany-body forces), then all observables should be equivalent up to truncation errors. The EFT philosophy implies
using this freedom to choose a convenient and efficient potential for the problems of interest.

The use of energy-independent low-momentum interactions is a direct implementation of these ideas. Varying the
cutoff can be used as a powerful tool to study the underlying physics scales, to evaluate the completeness of approximate
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and (b) SRG running in � (see Fig. 27 for plots in k2, which show the diagonal width of order �2).

‘‘At each scale, we have different degrees of freedom and different dynamics. Physics at a larger scale (largely)
decouples from the physics at a smaller scale. . . . Thus, a theory at a larger scale remembers only finitely many
parameters from the theories at smaller scales, and throws the rest of the details away. More precisely, when we
pass from a smaller scale to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the RG
method is to explain how this decoupling takes place and why exactly information is transmitted from scale to scale
through finitely many parameters.’’

The common features of RG for critical phenomena and high-energy scattering are discussed by StevenWeinberg in an essay
in Ref. [64]. He summarizes:

‘‘Themethod in itsmost general form can I think be understood as away to arrange in various theories that the degrees
of freedom that you’re talking about are the relevant degrees of freedom for the problem at hand.’’

This is the heart ofwhat is donewith low-momentum interaction approaches: arrange for the degrees of freedom for nuclear
structure to be the relevant ones. This does not mean that other degrees of freedom cannot be used, but to again quote
Weinberg [64]: ‘‘You can use any degrees of freedom you want, but if you use the wrong ones, you’ll be sorry.’’

There are two major classes of RG transformations used to construct low-momentum interactions, which are illustrated
schematically in Fig. 9. In the Vlow k approach, decoupling is achieved by lowering amomentum cutoff⇤ abovewhichmatrix
elements go to zero. In the SRG approach, decoupling is achieved by lowering a cutoff � (in energy differences �2) using flow
equations, whichmeans evolving toward the diagonal inmomentum space. The technology for carrying out these is outlined
in Section 3, but the effects can be readily seen in the series of contour plots in Fig. 10(a) and (b).

With either approach, lowering the cutoff leaves low-energy observables unchanged by construction, but shifts
contributions between the interaction strengths and the sums over intermediate states in loop integrals. The evolution
of phenomenological or chiral EFT interactions to lower resolution is beneficial, because these shifts can weaken or largely
eliminate sources of non-perturbative behavior, and because lower cutoffs require smaller bases inmany-body calculations,
leading to improved convergence for nuclei. The RG cutoff variation estimates theoretical uncertainties due to higher-
order contributions, to neglected many-body interactions or to an incomplete many-body treatment. When initialized with
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or for octupole enhancement factors of electric dipolemoments. In all cases, we seek theoretical error estimates, particularly
for extrapolations to systems where measurements will be limited or non-existent.

Progress toward such controlled nuclear calculations has long been hindered by the difficulty of the nuclear many-body
problem, when conventional nuclear potentials are used. This has historically been accepted as an unavoidable reality.
Indeed, conventional wisdom among nuclear physicists, as summarized by Bethe in his review of over 30 years ago [49],
holds that successful nuclear matter calculations must be highly non-perturbative in the potential. This is in contrast to
the Coulomb many-body problem, for which Hartree–Fock is a useful starting point and (possibly resummed) many-body
perturbation theory (MBPT) is an effective tool. The possibility of a soft potential providing a more perturbative solution to
the nuclear matter problemwas discarded at that time, and saturation firmly identified with the density dependence due to
the tensor force [49]. Until recent RG-based calculations [9,16,17], subsequent work on the nuclear matter problem [50–53]
had not significantly altered the general perspective or conclusions of Bethe’s review (although the role of three-nucleon
(3N) forces has been increasingly emphasized).

As already noted, non-perturbative behavior in the particle–particle channel for nuclear forces arises from several
sources. First is the strong short-range repulsion, which requires at least a summation of particle–particle-ladder
diagrams [49]. Second is the tensor force, for example, from pion exchanges, which is highly singular at short distances,
and requires iteration in the triplet channels [54,55]. Third is the presence of low-energy bound states or nearly bound
states in the S-waves. These states imply poles in the scattering T matrix that render the perturbative Born series divergent.
All these non-perturbative features are present in conventional high-precision NN potentials.

The philosophy behind the standard approach to nuclear matter is to attack these features head-on. This attitude was
succinctly stated by Bethe [49]:

‘‘The theory must be such that it can deal with any NN force, including hard or ‘soft’ core, tensor forces, and other
complications. It ought not to be necessary to tailor the NN force for the sake of making the computation of nuclear
matter (or finite nuclei) easier, but the force should be chosen on the basis of NN experiments (and possibly subsidiary
experimental evidence, like the binding energy of 3H).’’

In contrast, the EFT and RG perspective has a completely different underlying philosophy, which stresses that the potential
is not an observable to be fixed from experiment (there is no ‘‘true potential’’), but that an infinite number of potentials are
capable of accurately describing low-energy physics [56]. In order to be predictive and systematic, an organization (‘‘power
counting’’) must be present to permit a truncation of possible terms in the potential. If a complete Hamiltonian is used
(includingmany-body forces), then all observables should be equivalent up to truncation errors. The EFT philosophy implies
using this freedom to choose a convenient and efficient potential for the problems of interest.

The use of energy-independent low-momentum interactions is a direct implementation of these ideas. Varying the
cutoff can be used as a powerful tool to study the underlying physics scales, to evaluate the completeness of approximate
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‘‘At each scale, we have different degrees of freedom and different dynamics. Physics at a larger scale (largely)
decouples from the physics at a smaller scale. . . . Thus, a theory at a larger scale remembers only finitely many
parameters from the theories at smaller scales, and throws the rest of the details away. More precisely, when we
pass from a smaller scale to a larger scale, we average over irrelevant degrees of freedom. . . . The general aim of the RG
method is to explain how this decoupling takes place and why exactly information is transmitted from scale to scale
through finitely many parameters.’’

The common features of RG for critical phenomena and high-energy scattering are discussed by StevenWeinberg in an essay
in Ref. [64]. He summarizes:

‘‘Themethod in itsmost general form can I think be understood as away to arrange in various theories that the degrees
of freedom that you’re talking about are the relevant degrees of freedom for the problem at hand.’’

This is the heart ofwhat is donewith low-momentum interaction approaches: arrange for the degrees of freedom for nuclear
structure to be the relevant ones. This does not mean that other degrees of freedom cannot be used, but to again quote
Weinberg [64]: ‘‘You can use any degrees of freedom you want, but if you use the wrong ones, you’ll be sorry.’’

There are two major classes of RG transformations used to construct low-momentum interactions, which are illustrated
schematically in Fig. 9. In the Vlow k approach, decoupling is achieved by lowering amomentum cutoff⇤ abovewhichmatrix
elements go to zero. In the SRG approach, decoupling is achieved by lowering a cutoff � (in energy differences �2) using flow
equations, whichmeans evolving toward the diagonal inmomentum space. The technology for carrying out these is outlined
in Section 3, but the effects can be readily seen in the series of contour plots in Fig. 10(a) and (b).

With either approach, lowering the cutoff leaves low-energy observables unchanged by construction, but shifts
contributions between the interaction strengths and the sums over intermediate states in loop integrals. The evolution
of phenomenological or chiral EFT interactions to lower resolution is beneficial, because these shifts can weaken or largely
eliminate sources of non-perturbative behavior, and because lower cutoffs require smaller bases inmany-body calculations,
leading to improved convergence for nuclei. The RG cutoff variation estimates theoretical uncertainties due to higher-
order contributions, to neglected many-body interactions or to an incomplete many-body treatment. When initialized with
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a b

Fig. 54. Low-lying spectra using shell-model effective Hamiltonians derived from Vlow k and Gmatrix interactions starting from the CD-Bonn potential [19]
for (a) 18O and (b) 134Te [66].

a b c

Fig. 55. Ground-state energies of neutron-rich oxygen isotopesmeasured from the energy of 16O. The experimental energies of the bound oxygen isotopes
16�24O are included for comparison. The left panel (a) shows the energies obtained from the phenomenological forces SDPF-M [232,233] and USD-B [234].
The middle panel (b) gives the energies obtained from a Gmatrix and including Fujita–Miyazawa 3N forces due to 1 excitations [231]. The right panel (c)
presents the energies calculated from Vlow k and including chiral EFT 3N interactions at N2LO as well as only due to 1 excitations [231]. The changes due
to 3N forces based on 1 excitations are highlighted by the shaded areas.

calculations of valence shell-model effective interactions. Moreover, there are promising applications of low-momentum
interactions in the Gamow shell model to handle continuum states [228–230].

The neutron drip-line, which is the limit of neutron-rich nuclei, evolves regularly from light to medium-mass nuclei
except for a striking anomaly in the oxygen isotopes. This anomaly is not reproduced in theories derived from two-
nucleon forces. In Ref. [231], the first microscopic explanation of the oxygen anomaly based on low-momentum 3N forces
was presented. As shown in Fig. 55, the inclusion of 3N interactions at N2LO or due to 1 excitations leads to repulsive
contributions to the interactions among valence neutrons that change the location of the neutron drip-line from 28O to the
experimentally observed 24O. This 3Nmechanism is robust and general, and therefore expected to impact predictions of the
most neutron-rich nuclei and the synthesis of heavy elements in neutron-rich environments.

6.4. Density functional theory

While most advances in microscopic nuclear structure theory over the last decade have been through expanding the
reach of few-body calculations, infinite nuclear matter is still a key step to heavier nuclei. In particular, the promising
results using low-momentum interactions open the door to ab initio DFT both directly (through orbital-based methods)
and based on expanding about nuclear matter [169]. This is analogous to the application of DFT in quantum chemistry
and condensed matter starting with the uniform electron gas in local-density approximations and adding constrained
derivative corrections. Phenomenological energy functionals (such as Skyrme) for nuclei have impressive successes but

The Challenge of Ab Initio Nuclear Theory 
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Fig. 7. (a) Nuclear many-body landscape and (b) degrees of freedom and corresponding scales in nuclei [48].

or for octupole enhancement factors of electric dipolemoments. In all cases, we seek theoretical error estimates, particularly
for extrapolations to systems where measurements will be limited or non-existent.

Progress toward such controlled nuclear calculations has long been hindered by the difficulty of the nuclear many-body
problem, when conventional nuclear potentials are used. This has historically been accepted as an unavoidable reality.
Indeed, conventional wisdom among nuclear physicists, as summarized by Bethe in his review of over 30 years ago [49],
holds that successful nuclear matter calculations must be highly non-perturbative in the potential. This is in contrast to
the Coulomb many-body problem, for which Hartree–Fock is a useful starting point and (possibly resummed) many-body
perturbation theory (MBPT) is an effective tool. The possibility of a soft potential providing a more perturbative solution to
the nuclear matter problemwas discarded at that time, and saturation firmly identified with the density dependence due to
the tensor force [49]. Until recent RG-based calculations [9,16,17], subsequent work on the nuclear matter problem [50–53]
had not significantly altered the general perspective or conclusions of Bethe’s review (although the role of three-nucleon
(3N) forces has been increasingly emphasized).

As already noted, non-perturbative behavior in the particle–particle channel for nuclear forces arises from several
sources. First is the strong short-range repulsion, which requires at least a summation of particle–particle-ladder
diagrams [49]. Second is the tensor force, for example, from pion exchanges, which is highly singular at short distances,
and requires iteration in the triplet channels [54,55]. Third is the presence of low-energy bound states or nearly bound
states in the S-waves. These states imply poles in the scattering T matrix that render the perturbative Born series divergent.
All these non-perturbative features are present in conventional high-precision NN potentials.

The philosophy behind the standard approach to nuclear matter is to attack these features head-on. This attitude was
succinctly stated by Bethe [49]:

‘‘The theory must be such that it can deal with any NN force, including hard or ‘soft’ core, tensor forces, and other
complications. It ought not to be necessary to tailor the NN force for the sake of making the computation of nuclear
matter (or finite nuclei) easier, but the force should be chosen on the basis of NN experiments (and possibly subsidiary
experimental evidence, like the binding energy of 3H).’’

In contrast, the EFT and RG perspective has a completely different underlying philosophy, which stresses that the potential
is not an observable to be fixed from experiment (there is no ‘‘true potential’’), but that an infinite number of potentials are
capable of accurately describing low-energy physics [56]. In order to be predictive and systematic, an organization (‘‘power
counting’’) must be present to permit a truncation of possible terms in the potential. If a complete Hamiltonian is used
(includingmany-body forces), then all observables should be equivalent up to truncation errors. The EFT philosophy implies
using this freedom to choose a convenient and efficient potential for the problems of interest.

The use of energy-independent low-momentum interactions is a direct implementation of these ideas. Varying the
cutoff can be used as a powerful tool to study the underlying physics scales, to evaluate the completeness of approximate
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Fig. 1. NN phase shifts for the Argonne v18 [18] (solid), CD-Bonn [19] (dashed), and one of the chiral N3LO [20] (dotted) potentials in selected channels
(using non-relativistic kinematics). All agree with experiment up to about 300 MeV.

Fig. 2. (a) Several phenomenological NN potentials in the 1S0 channel from Ref. [21]. (b) Momentum–space matrix elements of the Argonne v18 (AV18)
1S0 potential after Fourier (Bessel) transformation (see footnote 1).

heavy meson exchange (⇢, !, ‘‘� ’’). The short-range part of the potentials in Fig. 2(a) is a repulsive core (often called a ‘‘hard
core’’).

Nuclear structure calculations are complicated due to the coupling of low to high momenta by these potentials. This is
made clear by the Fourier transform (that is, the Bessel transform in a given partial wave), as shown in Fig. 2(b). We feature
the Argonne v18 potential [18] because it is used in the most successful high precision (. 1% accuracy) nuclear structure
calculations of nuclei with mass number A 6 12 [22–24]. For our purposes, the equivalent contour plot in Fig. 3 is a clearer
representation and we use such plots throughout this review.1 The elastic regime for NN scattering corresponds to relative
momenta k . 2 fm�1. The strong low- to high-momentum coupling driven by the short-range repulsion is manifested in
Fig. 3(a) by the large regions of non-zero off-diagonal matrix elements. A consequence is a suppression of probability in the
relative wave function (‘‘short-range correlations’’), as seen for the deuteron in Fig. 3(b).

The potentials in Fig. 2(a) are partial-wave local; that is, in each partial wave they are functions of the separation r alone.
This condition, which simplifies certain types of numerical calculations,2 constrains the radial dependence to be similar to
Fig. 2(a) if the potential is to reproduce elastic phase shifts, and in particular necessitates a strong short-range repulsion
in the S-waves. The similarity of all such potentials, perhaps combined with experience from the Coulomb potential, has
led to the (often implicit) misconception that the nuclear potential must have this form. This prejudice has been reinforced
recently by QCD lattice calculations that apparently validate a repulsive core [25–28].

For finite-mass composite particles, locality is a feature we expect at long distances, but non-local interactions would
be more natural at short distances. In fact, the potential at short range is far removed from an observable, and locality is
imposed on potentials for convenience, not because of physical necessity. Recall that we are free to apply a short-range
unitary transformation U to the Hamiltonian (and to other operators at the same time),

En = h n|H| ni =
�

h n|UÑ
�

UHUÑ
�

U| ni
�

= he n|eH|e ni, (1)

1 In units where h̄ = c = m = 1 (with nucleon mass m), the momentum–space potential is given in fm. In addition, we typically express momenta in
fm�1 (the conversion to MeV is using h̄c ⇡ 197 MeV fm).
2 For example, in current implementations of Green’s Function Monte Carlo (GFMC) calculations [22], the potential must be (almost) diagonal in

coordinate space, such as the Argonne v18 potential.
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for Argonne v18 and smooth Vlow k potentials with several cutoffs ⇤. The probability suppression at short distances is called ‘‘short-range correlation’’.

and the physics described by H andeH is indistinguishable by experiment. Thus, there are an infinite number of equally valid
potentials, and once we allow non-locality, a repulsive core and the strong low- to high-momentum coupling is no longer
inevitable.

The EFT approach uses this freedom to construct a systematic expansion of theHamiltonian. A particular EFT is associated
with a momentum scale ⇤b that is the dividing point between resolved, long-range physics, which is treated explicitly, and
unresolved, short-range physics,which is expanded in contact interactions. Results are given order-by-order inQ/⇤b,where
Q is a generic momentum (or light mass) scale of the process being calculated. There is also a cutoff ⇤ needed to regulate
the theory, which suppresses high momenta. Thus, ⇤ acts as a resolution scale for the theory. If ⇤ is chosen to be less than
⇤b, then the truncation error for the EFT will be dominated by powers of Q/⇤ rather than Q/⇤b. In principle, one could
take ⇤ as large as desired but in practice this only works if the renormalization and the numerics involved in matching to
data are sufficiently under control [29].

In general, the forces between nucleons depend on the resolution scale ⇤ and are given by an effective theory for scale-
dependent two-nucleon VNN(⇤) and corresponding many-nucleon interactions V3N(⇤), V4N(⇤) and so on [5,30,31]. This
scale dependence is analogous to the scale dependence of parton distribution functions. At very low momenta Q ⌧ m⇡ ,
the details of pion exchanges are not resolved and nuclear forces can be systematically expanded in contact interactions
and their derivatives [30]. The corresponding pionless EFT (for which ⇤b ⇠ m⇡ ) is very successful in capturing universal
large scattering-length physics (with improvements by including effective range and higher-order terms) in dilute neutron
matter and reactions at astrophysical energies [30,32–35].

For most nuclei, the typical momenta are Q ⇠ m⇡ and therefore pion exchanges are included explicitly in nuclear
forces. The corresponding chiral EFT has been developed for over fifteen years as a systematic approach to nuclear
interactions [30,31,36,37]. This provides a unified approach to NN and many-body forces, and a pathway to direct
connections with QCD through lattice calculations (see, for example, Ref. [38]). Examples of order-by-order improved
calculations of observables are shown in Figs. 4(b), 5(a) and (b). However, some open questions remain [31]: understanding
the power counting with singular pion exchanges [39–41], including 1 degrees of freedom, the counting of relativistic 1/m
corrections. Resolving these questions is important for improving the starting Hamiltonian for low-momentum interactions,
but does not affect our discussion of RG technology.

In chiral EFT [30,31,36,37], the expansion in powers of Q/⇤b has roughly ⇤b . m⇢ . As shown in Fig. 4(a), at a
given order this includes contributions from one- or multi-pion exchanges and from contact interactions, with scale-
dependent short-range couplings that are fit to low-energy data for each ⇤ (experiment captures all short-range effects).
There are natural sizes to many-body force contributions that are made manifest in the EFT power counting and which
explain the phenomenological hierarchy of many-body forces. In addition, the EFT (extended to include chiral perturbation
theory) provides a consistent theory for multi-pion and pion–nucleon systems and electroweak operators, as well as for
hyperon–nucleon interactions [31,42,43].

The highest-order NN interactions available to date are at next-to-next-to-next-to-leading order, N3LO or (Q/⇤b)
3, for

several different cutoffs (⇤ = 450–600 MeV) and two different regulator schemes [20,44]. Representative results for NN
phase shifts at NLO, N2LO, andN3LO are shown in Fig. 4(b), where error bands are determined by the spread in predictions for
different ⇤ ⇠ ⇤b. Contour plots of momentum–space matrix elements for the softest, most commonly used N3LO potential
and one with a higher cutoff are shown in Fig. 6. While they are much softer than Argonne v18 in the 1S0 channel, there
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T1a. Nuclear Forces 1

a. Overview

The quest for an accurate description of the nuclear force spans eight decades, starting from
Yukawa’s meson theory in 1935. From the early days, pion exchange was understood to be critical
and correctly described the longest-ranged part of the NN interaction. In the 1950’s, attempts to
include multi-pion exchange failed but these were eventually supplanted in the 1960’s and 1970’s
by boson-exchange models (in which the heavier �, ⇢, and ! were exchanged in an organization by
range). Then came quantum chromodynamics.

There is now an abundance of evidence that quantum chromodynamics is the correct theory of
the strong interactions, ranging from validated predictions of perturbative QCD to the increasingly
successful results of lattice QCD (LQCD). But even in the early days one could reasonably ask: If
QCD is the theory of the strong interaction, shouldn’t we use quarks and gluons to describe nuclear
forces? Compare the pictures in Fig. 7; the QCD picture is ultimately correct and would appear
to contain much more physics — isn’t that better? For a period in the 1980’s, the goal (for many
nuclear theorists) was to replace hadronic descriptions at ordinary nuclear densities with a quark
description, since (the story went) QCD is the theory and descriptions with pointlike hadrons had
to be inadequate to account for the quark substructure. But in those early days of QCD (first
20 years), one couldn’t do anything much except crude models (e.g., quark cluster models), which
were not quantitative. (There was also a period where soliton (Skyrmion) models based on the
large NC limit of QCD were the rage, but that never led to sustained progress.)
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Figure 7: Cartoons for quark-gluon and pion-exchange representations of the NN force.

The alternative was a detailed phenomenological parametrization of physics as in the picture on
the right (based on boson exchange plus some additional phenomenology), and that became good
enough to fit the relevant NN data to great accuracy (�2/dof ⇡ 1 up to the inelastic threshold)
and do quantitative calculations in light nuclei. This was a pragmatic approach, but could also be
defended as good physics. We understand the strong forces that bind nuclei as the residual colorless
interactions between the quarks and gluons that comprise hadrons. By analogy, the van der Waals
interactions between neutral atoms at low energies are usefully described by potentials rather than
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Fig. 1. NN phase shifts for the Argonne v18 [18] (solid), CD-Bonn [19] (dashed), and one of the chiral N3LO [20] (dotted) potentials in selected channels
(using non-relativistic kinematics). All agree with experiment up to about 300 MeV.

Fig. 2. (a) Several phenomenological NN potentials in the 1S0 channel from Ref. [21]. (b) Momentum–space matrix elements of the Argonne v18 (AV18)
1S0 potential after Fourier (Bessel) transformation (see footnote 1).

heavy meson exchange (⇢, !, ‘‘� ’’). The short-range part of the potentials in Fig. 2(a) is a repulsive core (often called a ‘‘hard
core’’).

Nuclear structure calculations are complicated due to the coupling of low to high momenta by these potentials. This is
made clear by the Fourier transform (that is, the Bessel transform in a given partial wave), as shown in Fig. 2(b). We feature
the Argonne v18 potential [18] because it is used in the most successful high precision (. 1% accuracy) nuclear structure
calculations of nuclei with mass number A 6 12 [22–24]. For our purposes, the equivalent contour plot in Fig. 3 is a clearer
representation and we use such plots throughout this review.1 The elastic regime for NN scattering corresponds to relative
momenta k . 2 fm�1. The strong low- to high-momentum coupling driven by the short-range repulsion is manifested in
Fig. 3(a) by the large regions of non-zero off-diagonal matrix elements. A consequence is a suppression of probability in the
relative wave function (‘‘short-range correlations’’), as seen for the deuteron in Fig. 3(b).

The potentials in Fig. 2(a) are partial-wave local; that is, in each partial wave they are functions of the separation r alone.
This condition, which simplifies certain types of numerical calculations,2 constrains the radial dependence to be similar to
Fig. 2(a) if the potential is to reproduce elastic phase shifts, and in particular necessitates a strong short-range repulsion
in the S-waves. The similarity of all such potentials, perhaps combined with experience from the Coulomb potential, has
led to the (often implicit) misconception that the nuclear potential must have this form. This prejudice has been reinforced
recently by QCD lattice calculations that apparently validate a repulsive core [25–28].

For finite-mass composite particles, locality is a feature we expect at long distances, but non-local interactions would
be more natural at short distances. In fact, the potential at short range is far removed from an observable, and locality is
imposed on potentials for convenience, not because of physical necessity. Recall that we are free to apply a short-range
unitary transformation U to the Hamiltonian (and to other operators at the same time),

En = h n|H| ni =
�

h n|UÑ
�

UHUÑ
�

U| ni
�

= he n|eH|e ni, (1)

1 In units where h̄ = c = m = 1 (with nucleon mass m), the momentum–space potential is given in fm. In addition, we typically express momenta in
fm�1 (the conversion to MeV is using h̄c ⇡ 197 MeV fm).
2 For example, in current implementations of Green’s Function Monte Carlo (GFMC) calculations [22], the potential must be (almost) diagonal in

coordinate space, such as the Argonne v18 potential.
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Fig. 1. NN phase shifts for the Argonne v18 [18] (solid), CD-Bonn [19] (dashed), and one of the chiral N3LO [20] (dotted) potentials in selected channels
(using non-relativistic kinematics). All agree with experiment up to about 300 MeV.

Fig. 2. (a) Several phenomenological NN potentials in the 1S0 channel from Ref. [21]. (b) Momentum–space matrix elements of the Argonne v18 (AV18)
1S0 potential after Fourier (Bessel) transformation (see footnote 1).

heavy meson exchange (⇢, !, ‘‘� ’’). The short-range part of the potentials in Fig. 2(a) is a repulsive core (often called a ‘‘hard
core’’).

Nuclear structure calculations are complicated due to the coupling of low to high momenta by these potentials. This is
made clear by the Fourier transform (that is, the Bessel transform in a given partial wave), as shown in Fig. 2(b). We feature
the Argonne v18 potential [18] because it is used in the most successful high precision (. 1% accuracy) nuclear structure
calculations of nuclei with mass number A 6 12 [22–24]. For our purposes, the equivalent contour plot in Fig. 3 is a clearer
representation and we use such plots throughout this review.1 The elastic regime for NN scattering corresponds to relative
momenta k . 2 fm�1. The strong low- to high-momentum coupling driven by the short-range repulsion is manifested in
Fig. 3(a) by the large regions of non-zero off-diagonal matrix elements. A consequence is a suppression of probability in the
relative wave function (‘‘short-range correlations’’), as seen for the deuteron in Fig. 3(b).

The potentials in Fig. 2(a) are partial-wave local; that is, in each partial wave they are functions of the separation r alone.
This condition, which simplifies certain types of numerical calculations,2 constrains the radial dependence to be similar to
Fig. 2(a) if the potential is to reproduce elastic phase shifts, and in particular necessitates a strong short-range repulsion
in the S-waves. The similarity of all such potentials, perhaps combined with experience from the Coulomb potential, has
led to the (often implicit) misconception that the nuclear potential must have this form. This prejudice has been reinforced
recently by QCD lattice calculations that apparently validate a repulsive core [25–28].

For finite-mass composite particles, locality is a feature we expect at long distances, but non-local interactions would
be more natural at short distances. In fact, the potential at short range is far removed from an observable, and locality is
imposed on potentials for convenience, not because of physical necessity. Recall that we are free to apply a short-range
unitary transformation U to the Hamiltonian (and to other operators at the same time),

En = h n|H| ni =
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= he n|eH|e ni, (1)

1 In units where h̄ = c = m = 1 (with nucleon mass m), the momentum–space potential is given in fm. In addition, we typically express momenta in
fm�1 (the conversion to MeV is using h̄c ⇡ 197 MeV fm).
2 For example, in current implementations of Green’s Function Monte Carlo (GFMC) calculations [22], the potential must be (almost) diagonal in

coordinate space, such as the Argonne v18 potential.
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made clear by the Fourier transform (that is, the Bessel transform in a given partial wave), as shown in Fig. 2(b). We feature
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led to the (often implicit) misconception that the nuclear potential must have this form. This prejudice has been reinforced
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heavy meson exchange (⇢, !, ‘‘� ’’). The short-range part of the potentials in Fig. 2(a) is a repulsive core (often called a ‘‘hard
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Nuclear structure calculations are complicated due to the coupling of low to high momenta by these potentials. This is
made clear by the Fourier transform (that is, the Bessel transform in a given partial wave), as shown in Fig. 2(b). We feature
the Argonne v18 potential [18] because it is used in the most successful high precision (. 1% accuracy) nuclear structure
calculations of nuclei with mass number A 6 12 [22–24]. For our purposes, the equivalent contour plot in Fig. 3 is a clearer
representation and we use such plots throughout this review.1 The elastic regime for NN scattering corresponds to relative
momenta k . 2 fm�1. The strong low- to high-momentum coupling driven by the short-range repulsion is manifested in
Fig. 3(a) by the large regions of non-zero off-diagonal matrix elements. A consequence is a suppression of probability in the
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H (⇤) = T + VNN (⇤) + V3N (⇤) + V4N (⇤) + · · ·


